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Abstract—We propose a novel multiscale, spectral algorithm
for estimating the number of clusters in a data set. Our algorithm
computes the eigenvalues of the graph Laplacian iteratively for
a large range of values of the scale parameter, and estimates the
number of clusters from the maximal eigengap. Thus variation
of the scale parameter, which usually confuses the clustering
problem, is used to infer the number of clusters in a robust
and efficient way. Commute distances are used to transform
the distance matrix into a block-diagonal form, allowing the
algorithm to succeed on irregularly shaped clusters, and the
algorithm is applied to test data sets (both simulated and realworld) for method validation.

I.

BACKGROUND

The goal of clustering algorithms is to partition a data set
into groups so that similar points are assigned to the same
group and dissimilar points to different groups. Clustering
techniques are extremely useful in data mining and pattern
recognition [1], and have been used in a wide variety of
applications, including genetics [2], chemistry [3], image segmentation [4], and language processing [5].
Most clustering algorithms require the user to specify the
number of clusters k, and developing robust and automated
methods for selecting this parameter is an active area of
research. Clustering is generally performed iteratively for a
range of k values, and the k which optimizes some validity
criterion is selected [6].
Various criteria that have been used including the classic
Calinski-Harabasz criterion [7], the Silhouette coefficient ([8],
[9]), information criteria such as BIC ([10], [11]), and information theoretic criteria such as the gap statistic [12] and the jump
statistic [13]. Some multiscale methods include [6], [14], and
[15]. More recently, [16] employ a bootstrap method and [17]
employ a non-parametric method for estimating the number of
clusters.
Various approaches based in spectral clustering have also
been suggested, including [18]–[21]; these methods see the
data set as a weighted graph and use spectral decompositions
to estimate the number of clusters (the analysis in [22] justifies
this approach). In [20], [21], a random walk is defined on the
data and the number of clusters is estimated by finding the
maximal eigenvalue gap of the transition matrix as the random
walk diffuses.
In this paper we propose a new multiscale, spectral algorithm for learning the number of clusters. The approach is

Fig. 1. Euclidean (left) and Euclidean commute (right) distances for the data
set in Figure 2h.

philosophically similar to [20], [21] but the method proposed
for learning the number of clusters is different.

II.

A LGORITHM

A. Overview
Given N data points x1 , x2 , . . . , xN in Rp and an appropriate distance function d(xi , xj ), our goal is to estimate the
number of clusters k in the data set.
Define λ1 (σ) ≤ λ2 (σ) ≤ . . . ≤ λN (σ) to be the
eigenvalues of Lsym , where
Lsym = D−1/2 (D − W )D−1/2
2

(1)

2

/2σ
and the weights Wij = e−d(xi ,xj )P
have been defined
n
using the Gaussian kernel and Dii = j=1 Wij is the diagonal
degree matrix. In addition, for 1 ≤ i ≤ N − 1 define
∆i (σ) = λi+1 (σ) − λi (σ) to be the ith eigenvalue gap. We
compute these eigenvalues iteratively for σ ∈ [σmin , σmax ], and
define the optimal number of clusters k̂ by finding the maximal
eigengap across all scales and indices:


k̂ = arg max
i


max
σ∈[σmin ,σmax ]

∆k (σ)

We will refer to this method as the Multiscale EigenGap
(MEG) algorithm, which is summarized in the following pseudocode. Note that the algorithm outputs not only an estimate
of the number of clusters k̂ but also a recommended scale σ̂
for running spectral clustering with the Gaussian kernel.

MEG Algorithm

Algorithm for Euclidean Commute Distances

Input:
X : an N × p set of N data points in Rp
d(xi , xj ): distance function

Input:
X : an N × p set of N data points in Rp
K: number of nearest neighbors for local scaling

Output:
k̂ : best estimate of number of clusters of X
σ̂: recommended scale σ for spectral clustering

Output:
d(xi , xj ): pairwise Euclidean commute distances
σi ← distance of xi to it’s K th nearest neighbor
if p < 10 then
2
Wij ← e−||xi −xj || /σi σj
else
2
Wij ← e−4||xi −xj || /σi σj
end if P
n
Dii ← j=1 Wij
L←D−W
L+ ← Moore-Penrose
inverse of L
qP
n
+
+
d(xi , xj ) ← ( i=1 Dii )(L+
ii − 2Lij + Ljj )

for σ ∈ [σmin , σmax ] do
2

Wij ← e−d(xi ,xj )
Pn
Dii ← j=1 Wij

/2σ 2

Lsym ← D−1/2 (D − W )D−1/2
λ1 (σ) ≤ . . . ≤ λN (σ) ← eigenvalues of Lsym
∆i (σ) = λi+1 (σ) − λi (σ) for 1 ≤ i ≤ N − 1
end for
∆i ←
max ∆i (σ) for 1 ≤ i ≤ N − 1
σ∈[σmin ,σmax ]

k̂ ← arg max ∆i

Although the above procedure leaves unanswered the question of how to choose K, [18] obtained good clustering results
using a fixed K = 7 for all low and high-dimensional data.
We adjusted their recommendation only slightly, using a fixed
K = 6 for all examples, and replacing σi with 0.5σi for highdimensional data.

i

σ̂ ← arg max ∆k̂ (σ)
σ∈[σmin ,σmax ]

B. Distance Function
For the proposed eigengap method to work one must have
well-connected and well-separated clusters, so that the weight
matrix is approximately block diagonal. For many clusters such
as the last three data sets in Figure 2, this is not the case
if Euclidean distance is used. However by using a commute
distance instead of Euclidean distance, this approach works for
irregularly shaped as well as convex clusters.
The commute distance cij between two vertices xi and xj
is the expected time it would take for a random walk on the
points to travel from xi to xj and back again ([23], [24]); it is
thus dependent on the collection of all paths between xi and
xj , and [25] showed that cij is in fact a distance measure.
In [26] and [25] it is shown that the commute distances
for a fully connected graph can be computed from the MoorePenrose (pseudo) inverse L+ of the graph Laplacian L = D −
W . In particular:
+
+
cij = vol(G)(L+
ii − 2Lij + Ljj ),
Pn
where vol(G) = i=1 Dii is the volume of the graph. Thus
√
as noted in [26], the square root of the commute distance cij
can be considered a Euclidean distance.

We therefore propose using the MEG algorithm with the
√
Euclidean commute distance cij instead of Euclidean distance in Rp in order to transform the distance matrix into an
approximate block diagonal form. We propose using the selftuning affinity function proposed in [18] in the computation of
the commute distances:
2

Wij = e−d(xi ,xj )

/σi σj

,

Figure 1 shows both the Euclidean and Euclidean commute
distances for the data set in Figure 2h; unlike the Euclidean
distance matrix, the commute distance matrix of the rings has
a block diagonal structure.
C. Relationship with Prior Work
As noted in Section I, this approach has many similarities
with the work in [20], [21]. In these papers the authors consider
the Markov transition matrix P = D−1 W of a random walk
defined on the data; P M gives the transition probabilities
after M steps of the random walk. The authors estimate the
number of clusters by finding the maximal eigengap across
all times M . While in this approach the transition matrix is
transformed into a block-diagonal structure by diffusing the
random walk, in the MEG-CD algorithm this happens in one
step by computing commute distances.
III.
A. Simulated Data
To compare the performance of the MEG algorithm with
competing methods, experiments were running on the ten twodimensional data sets shown in Figure 2. Comparisons were
made with the following alternate methods for determining
number of clusters:
1)
2)

(2)

where σi is the distance of xi to it’s K th nearest neighbor.
Pseudo-code for computing commute distances is given below.

N UMERICAL R ESULTS

3)

MCLUST-BIC: the EM algorithm proposed in [27]
with k̂ chosen based on the BIC criteria ([10], [11]);
method was run using the R package mclust.
PAM-AWS: the k-medoids algorithm proposed in
[28] with k̂ chosen using average width silhouettes
([8], [9]); method was run using the R package fpc.
AP: the affinity propagation method proposed in [29].
The algorithm was run using the R package apcluster.
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TABLE I.

means as the clustering method. The algorithm was
run using the R package fpc.
Self-tuning: the spectral method proposed in
[18]. Matlab code was downloaded from
http://www.vision.caltech.edu/lihi/Demos/
SelfTuningClustering.html.
RandomWalk: the spectral approach in [21]. No available code was found so the algorithm was implemented in Matlab.

Note all R packages referenced above are available at http:
//cran.r-project.org/web/packages [31]. Results are shown in
Table I, with correct answers in bold. Note that all of the
non-spectral methods fail on the last three data sets. For
the first seven data sets consisting of more well-separated
clusters, the PAM-AWS was the best non-spectral method.
The RandomWalk and Self-tuning methods performed well on
the irregularly shaped clusters, but each failed on three other
examples. MEG-ED found the correct number of clusters on
all data sets except (h) and (j), while MEG-CD was the only
algorithm to find the correct number of clusters for all ten
data sets. Although MEG-CD is clearly superior for irregularly
shaped clusters, MEG-ED is faster and often more robust in
the presence of noise and small clusters than MEG-CD.
B. Real-world Data

(i) Smiley Face

(j) Four Lines

Fig. 2.

Data Sets used for algorithm testing; (h), (i), and (j) are from [18].

4)

GapStatistic: the information theoretic approach in
[12]. PAM was used as the clustering method; the
algorithm was run using the R package cluster.
DBSCAN: the density-based approach in [30]. Note
this method required manual selection of a parameter
which was done according to the heuristic proposed
in the paper, but results were sensitive to this parameter. The algorithm was run using the R package fpc.
Bootstrap: the bootstrap approach in [16] with k-

5)

6)

We also discuss the performance of the MEG algorithm
on two real-world data sets available from UCI’s Machine
Learning Repository [32].
The first is the Vehicle Silhouette data set consisting of 846
images of four distinct vehicles, taken at various angles and
elevations; there are 18 attributes for each image. MEG-ED
and MEG-DC were applied to the standardized data. MEGED correctly returned k̂ = 4, while MEG-CD returned k̂ = 3.
The second is the Wine data set containing 178 samples of
three different wine types, each derived from a distinct cultivar;
there are 13 recorded attributes. Once again the data was
standardized; both MEG-ED and MEG-CD correctly returned
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Fig. 3. Eigenvalues of the normalized graph Laplacian as a function of scale
σ for the Vehicle Silhouettes data set (left) and Wine data set (right).
[14]

k̂ = 3 clusters. See Figure 3 for a plot of the eigenvalues as a
function of σ for both data sets.
IV.

C ONCLUSION

This paper introduces a new multiscale spectral method for
estimating the number of clusters in a data set. The variation
of results as one changes the scale parameter σ, which usually
confuses the clustering problem, is used to infer the number
of clusters. The algorithm computes the eigenvalues of the
normalized Laplacian iteratively for a range of σ values, and
selects k̂ by finding the maximal eigengap across all indices
and scales. MEG-CD outperformed all competing methods
in Section III-A on the test bank of simulated data sets,
demonstrating robustness to irregular shapes, and MEG-ED
outperformed all methods on convex data sets. In summary,
the algorithm is computationally efficient, estimating k without solving the clustering problem, and is robust for noisy,
unbalanced, irregularly shaped clusters.
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